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Fractions

Section 1: Introduction

Recall the following sets of numbers; the set of natural numbers, N = {1, 2, 3, ...} the set of
whole numbers, W = {0, 1, 2, 3, 4, ...}, and the set of integers

[=1{..-2,-1,0,1,2,... }. In this unit we extend the set of integers to a number system
called the rational numbers. Rational numbers were developed because there are instances
when whole numbers and integers cannot fully describe or quantify the situation. For
example, how would you describe the portion of the large rectangle shaded in the following
diagram?

XXXXXXXXXXXXXX [XXXXXXXXXXXXXX

XXXXXXXXXXXXXX

You can see that we have to extend the integers in order to handle a situation like this.

. a
Definition: A fraction is a number of the form B’ where a and b are

integers and b # 0.

Some examples of fractions are

2 3 6 8
3 5 7 5
Two-thirds Three-fifths Six-sevenths Eight-fifths

" . a ,
Definition:  For the fraction —, a and b are called the terms of the fraction.

More specifically, a is called the numerator and b is called the
denominator.

2
: The terms of the fraction 3 are 2 and 3. The 2 is called the

numerator, and the 3 is called the denominator.

Example 2  An integer such as 5 may also be put in fraction form, since 5 can be

. 5 . . . .
written as 7 . In this case, 5 is the numerator, and 1 is the denominator.

Definition: A proper fraction is a fraction in which the numerator is less
than the denominator. If the numerator is greater than or equal to
the denominator, the fraction is called an improper fraction.

In example 1, % is a proper fraction and %is an improper fraction in example 2.
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Section 2: Equivalent Fractions

Definition: When two fractions represent the same amount with respect to the
same "whole", the two fractions are said to be equivalent.

1 2 3 4
“Examle3:—:—:—:—:—:...
' 2 4 6 8

All of these fractions are equivalent because they represent the same value on the number line.

0 1 1
2
| | | | |
0 1 2 3 |
4 4 4
|—
o L 2 3 4 5
6 6 6 6 6

Activity 1

Shade the rectangles below to find two fractions equivalent to% .

b)
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When we say that% = % = g , we are saying that these fractions are equivalent; in

other words they represent the same rational number.

If a, b, and ¢ are integers and b and c are not 0, then it is always true that
a a-Cc

b b-c
In other words, if the numerator and the denominator of a fraction are
multiplied by the same nonzero number, the resulting fraction is equivalent
to the original fraction.

., 2 . . : :
Example 4/: Write 3 as an equivalent fraction with a denominator of 25.

Solution: The denominator of the original fraction is 5. The fraction we are trying to find
must have a denominator of 25. We know that if we multiply 5 by
5, we get 25. The property above indicates that we can multiply the denominator
by 5 as long as we do the same to the numerator.

Therefore, the fraction %is equivalent to 10 .

If a, b, and c are integers and b and c are not 0, then it is always true that
a a-=cC

b b=c

In other words, if the numerator and the denominator of a fraction are
divided by the same nonzero number, the resulting fraction is equivalent
to the original fraction.

: Write %as an equivalent fraction with a denominator of 6.

Solution: If we divide the original denominator 18 by 3, we get 6. The property
above indicates that if we divide both the numerator and the
denominator by 3, we will get an equivalent fraction.

Therefore, the fraction %is equivalent to 4 :
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Activity 2

L7 . . . .
a) Write 3 as an equivalent fraction with a denominator of 48.

b) Write 421_3 as an equivalent fraction with a denominator of 5.

Let's try and determine when two fractions are equivalent.

Case 1: Fractions With Common Denominators
. . a b .
Consider the fractions —and —. Remember what these fractions represent. If you
n n
start with a unit length, — represents the rational number obtained by dividing the unit
n
length into n equal segments and then taking a of them and putting them end to end.
Putting b of them end to end is the rational number represented by b . When will the
n

lengths be equal?

This can be stated formally as, two fractions with the same denominator are
equivalent if the numerators are equal.

Case 2: Fractions With Unlike Denominators

Suppose the denominators are not equal. We observed that we can get a fraction

equivalent to %by multiplying the top (numerator) and the bottom (denominator) by the

a. : 4a 6a
same number. In other words, B is equivalentto —, —, etc. So,

n . .

%: —Z for any number n except 0. Consider two fractions, %and c . Then
n

a_ ﬂ and c_ @ . From case 1, we can state that if a and ¢ are

b bd d db b d

equivalent , then ad = cb.
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Many people remember this by saying that two fractions are equal when the
cross products are equal.

4 11 .
Example 6/: Are 5 and 75 equivalent?

Solution: Two fractions are equal if their cross products are equal. Since

4 11
4-15 # 5- 11, 3 andﬁ are not equivalent.

Activity 3

Determine if the following pairs of fractions are equivalent.

3
) b DAE)
a) ) 2

Section 3: Comparing Fractions

Now that we can determine if two fractions are equivalent, let’s discuss how to
determine which of two fractions is greater.

When fractions have the same denominator they are easy to compare. For instance,

7 5
it is easy to determine that v is larger than 1 -In both fractions a "whole" is

divided into 12 equal parts. In one fraction 7 of these parts are taken and in the

7
other, 5 of the parts are taken, so v has to be larger. You can also visualize the

7
two fractions with the figure below to see that 2 has more of the rectangle shaded.

XXXXX | XXXXX [XXXXX

XXXXX [ XXXXX [XXXXX | XXXXX

XXXXX | XXXXX [XXXXX

XXXXX | XXXXX

3 2
The key to comparing fractions such as 7 and 3 is to find equivalent fractions to

each so the two equivalent fractions have the same denominator.
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General Rule for Determining Which Fraction is Greater

Case 1:

Case 2:

:

Solution:

:

Solution:

Fractions With Common Denominators

a. E if and only if a <b.
n n

In other words, if the denominators are the same, compare the
numerators.

Fractions With Unlike Denominators

a-d
b-d

Now consider a and < . We know C—b SO we can
b d d-b

then state that

<7 ifandonlyif a- d< c- b.

o™
e

In other words, if the denominators are different, compare the
cross products.

Which fraction is greater: 3 or T ?
8 17

Let's start by finding equivalent fractions for both that have the

same denominator. Multiply the top and the bottom of gby 17 and

multiply the top and the bottom of % by 8. This gives us
3 317 51 d 7 7-8 56

8 817 1360 17 178 136

Since 56 is greater than 51, you can see that % 1s greater thang .

The shortcut method is given in case 2 above.

§<1 because 3- 17 < 7- &.
8 17
. . 2 7
Which fraction is greater: —or — ?
15 53

2 7
Since 2(53) > 7(15), —is greater than —.
(53)>7(15) T 53
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Activity 4

State which fraction is greater.

13 9
or

or —
20 15

a)

alN
~N| S

Section 4: Simplifying Fractions to Lowest Terms

By looking at the following examples,

2_25_10

3 35 15

6_69 o4 can you think of a way to start with% and simplify to getE ?
7 -9 3 63 7

To simplify a fraction to lowest terms, we have to divide the numerator and the
denominator by all the factors they have in common. Recall that factors are numbers that
are multiplied together. When we divide the numerator and the denominator of a fraction
by the same nonzero number, we get an equivalent fraction. So to simplify a fraction all
we have to do is recognize what factors the numerator and the denominator have in
common and then divide the numerator and the denominator by the common factors.

Definition: A fraction is said to be in lowest terms if the numerator and the
denominator have no factors in common other than the number 1.

Example 9: Write % in the lowest terms.

Solution: We need to find the factors of 12 and 15 so that we can find one they
have in common.

Factors of 12 are: 1,2,3,4,6,12
Factors of 15 are: 1,3,5,15

Since 3 is the only factor they have in common, we will divide the numerator and
denominator by 3.

12+3

4
—_— = g In lowest terms, since 4 and 5 have no other factor besides 1 in common.

15+3
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Example 10[: Write ;—i in lowest terms.

Solution: Factors of 16 are: 1,2,4,8,16
Factors of 24 are: 1,2,3,4,6,8,12, 24

Since 16 and 24 have 2, 4, and 8 in common, we will choose
the highest factor, 8.

: 2
_— = 5 In lowest terms, since 2 and 3 have no other factor besides 1 in common.

Notice that you could also write ;—i in lowest terms, by simply dividing numerator and

denominator by 2 until they have no factor in common but 1.

16+2 B 8+2 _4+2
2

2
24:2 122 6+:2 3

Activity 5

Simplify the following fractions. Show all your work.

54 b 16
712 28

Section 5: Adding and Subtracting Fractions

To Add or Subtract Fractions with Like Denominators:

Q) Add or subtract the numerator and place the answer over the common
denominator.

2 Write the answer in lowest terms.
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[Example 11]: a) Add: §+1 b) Subtract: 1—70—%

Solution:

a) Since the denominators are the same, add the numerators and
keep the denominator the same.

3,1 _ 4
88 8

. 4 ) .
Since E is not in lowest terms, divide numerator and

1
denominator by 4 to get >

b) Again the denominators are the same, so we just subtract the
numerators and place that answer over the common denominator.

.8 4
10 10 10

4 . . ..
Since E is not in lowest terms, divide numerator and

2
denominator by 2 to get c

To Add or Subtract Fractions with Unlike Denominators:

(1)

()

Find equivalent fractions for each original fraction, so that both fractions
have a common denominator.

Follow the procedure for like denominators.

Example 12 : Add: > +

Solution:

12 18
Since we have unlike denominators, we need to determine a common
denominator between 12 and 18. To do this, we need to look at the
multiples of 12 and 18 and find the smallest common multiple.

Multiples of 12 are: 12, 24, 36, 48, ...

Multiples of 18 are: 18, 36, 54, 72, ...

Since 36 is the 1st multiple in common, that will be our common
denominator.

You could also just multiply their denominators together to find a common multiple but
this often leads to large numbers which are not easily simplified.
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Next , we need to write equivalent fractions for each of our original
fractions, having a common denominator of 36.

5-3 15 _ _ _
—_— = Since 12 -3 = 36, we multiply numerator and denominator by 3.
12-3 36

1.2 2 _ _ .
—_—=— Since 18 -2 = 36, we multiply numerator and denominator by 2.
18-2 36

Now that we have common denominators, we can add the numerators and
place that over the common denominator,

15+2 (17
36 |36

Example 13/: Subtract: % _ g

Solution: Multiples of 15 are: 15, 30, 45, 60,...
Multiples of 9 are: 9, 18, 27, 36, 45,...

Since 45 is the 1st multiple in common, that will be our common denominator.

4.3 12 ) .
—_—=— Multiply numerator and denominator by 3.
15-3 45
2-5 10 ) _
- —=— Multiply numerator and denominator by 5.
9-5 45
2
4—5 Subtract numerators and place answer over common denominator.
Activity 6
a) Add: 3 + 2 b) Subtract: T3
8 5 15 10
C) Add: ! + 1 d) Subtract: 2.3
9 6 3 8
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Section 6: Multiplying Fractions

To Multiply Fractions:

1)
()

(3)
(4)

:

Solution:

:

Solution:

Divide out any common factors between any numerator and any denominator.

Multiply remaining numbers in the numerator, then multiply remaining
numbers in the denominator.

Place the product of the numerators over the product of the denominators.

Check that the answer is in lowest terms.

Multiply:

ol w
~ o

Since there are no common factors between any of the numerators and
denominators, we simply multiply the numerators, then multiply
denominators.

. 6 .
3.2_32_|8 which is in lowest terms.
5 7 57 35
i 25 8
Multiply: —
P 32 20
°25 8 . :
—_— Divide 20 and 25 by their common factor of 5.
32 20,
°2% 8 - _
—_— Divide 8 and 32 by their common factor of 8.
32, 20,
5-1 )
7 = E Multiply remaining numbers in the numerator and denominator.

Answer is in lowest terms.
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Activity 7

Multiply:

a) 1.2 b) 9.8
8 35 20 15

c) 5 8 d) 12 15
18 35 25 16

Section 7: Dividing Fractions

Definition:  If % is a fraction, the fraction b is called the reciprocal of E.
a

To Divide Fractions:
1) Rewrite the 1st fraction as it is given.
(2 Change the division sign to a multiplication sign.
3) Write the reciprocal of the 2nd fraction.

4) Use the rules for multiplying fractions.

: Divide: 1 - 2

. 1 3 _ _
Solution: — = Multiply by the reciprocal.
5 2
1-3 3
— =\ Multiply numerators, then multiply denominators.
5.2 |10 i i

Answer in lowest terms.
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Example 17|: Divide: E N @

28 35
. 13 35 _ _
Solution: — Multiply by the reciprocal.
28 26
13 3%° o
—_— Divide out any common factors between any numerator and any
28, 26,
denominator (divide 28 and 35 by 7 ; 13 and 26 by 13).
1.5 |5
E = g Multiply numerators, then multiply denominators.

Answer is in lowest terms.

Example 18 : Divide: g +9

— 3.9 : : o .
Solution: E = I Write 9 as a fraction by placing a 1 in the denominator.
3.1 Multiply by th i |
—— ultiply by the reciprocal.
29
'3 1 .
—— Divide 3 and 9 by 3.
2 9,
1.1 |1
2— = (—5 Multiply numerators, then multiply denominators.
Answer is in lowest terms.
Activity 8
Divide:
3 15 24 6
a) —+ = b) .-
8 4 25 5
4
C) —+6
9
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Section 8: Mixed Numbers

2. . .
A number of the form 3§ is called a mixed number because it is composed of a whole
. . .. . . 2
number and a fraction. Sometimes people misinterpret it to mean 3 times g . In general, a

number of the form Aé means A + b , SO 32 =3+ 25 . Mixed numbers are helpful to get a
c c

better idea of the size of a number. For example, when you look at an improper fraction

41 . o . . 341
such as 31—7 , it is difficult to get a feeling for its size. However, if we write F as the

. 4 . o
mixed number, 21 1—7 , we have a better feeling for its size.

To Change from an Improper Fraction to a Mixed Number:

(1) Divide the denominator into the numerator. This quotient becomes
the whole number part of the mixed number.

(2) If the denominator does not divide evenly into the numerator, place the

remainder over the denominator. This becomes the fractional part of the
mixed number.

Example 19: Change 3—57 to a mixed number.

7

Solution: 5)37 Divide the denominator into the numerator.
35

2 Since 2 is the remainder, place that over the

denominator 5. Write the mixed number-.

Therefore, 3?7 = |7

To Change from a Mixed Number to an Improper Fraction:

(1) Multiply the whole number and the denominator, add the result to
the numerator.

(2) Place the answer from step (1) over the denominator.
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4
Example 20| : Change 5 3 to an improper fraction.

Solution: 5—=
9

4 5e9+4 45+4 49

9 9 9
Therefore, 5ﬂ = Q .
9 9

Activity 9

a)

b)

Change the following improper fractions to mixed numbers.

. 41 . 527
i — il —
) 9 ) 21

Change the following mixed numbers to improper fractions.

i)

o0
<lw

.. 5
11 12—
) 9

To Add and Subtract Mixed Numbers:

The easiest method is to change the mixed numbers to improper fractions and use the rules
given for adding and subtracting fractions.

Example 21| : Add: 3§+ 2%

2 2 17 8 51 40 91 1

Solution: 3g+2—=—+——— —=—=6—

=—+
35 3 15 15 15 15

Therefore, 3§+ 2% = 6i
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1
Example 22| : Subtract: 48 -2

Al—

Solution: 4—1—2—1= 2—5——9=@—2—7=2—3= u
6 4 6 4 12 12 12 12
Therefore, 4—1 —2—1 = 23 = 1E .
6 4 12 12
Activity 10
a) Add: 4l + 3—1 b) Subtract: 12—3 - 5—1
5 2 5
c) Add: 7§ + 4l d) Subtract: 7l - 2é
8 6 3 5

To Multiply and Divide Mixed Numbers:

Change all mixed numbers to improper fractions and use the rules given for multiplying
and dividing fractions.

Example 23 : Multiply: 2% ol 1

2

N
o ]

o]

Il
N

Solution: 2

w o
N =
I
W oo
°
N W
Il
o |
°
N | &2
I
— |

—_

Therefore, 2—§ 01—;‘ = .
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Example 24 : Divide: 6% . 4§

Solution: 6§+4 2.2 _ 2T _3_1

Activity 11

. 3
a) Multiply: 2 o 52

b) Divide: 202

[V, NOS]

31
c Multiply:  6>e2-
) ply —e2]

d) Divide: 7% 4=
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Section 9:

Fraction Problems

In this section,

we will solve word problems involving fractions.

Example 25 : Three-fifths of the students at Keene State College are female. If

Solution:

:

Solution:

there are 4015 students at Keene State College, how many students are male?

The key to solving this problem is to notice the words “Three-fifths of the
students.” When you are taking a fraction of a quantity, you need to
multiply.

3 3
g of the students = — e 4015 replace students with 4015
3 4015%%
= —0 — divide 5 and 4015 by their common factor of 5
B, 1
= 3803 multiply 3 and 803
= 2409

Therefore, there are 2409 female students at KSC. To determine
how many males there are, subtract 2409 from 4015 to get 1606
males at KSC.

You have 14 ft of wood. To make a frame, you need 3%feet of

wood. How many frames can you make with the 14 ft of wood?

Sometimes it helps to draw a picture when trying to solve a word problem.
In this case, we can draw a straight line to represent the 14 feet of wood and

think about what it would mean to cut 3% feet pieces out of the wood.

| |

0 14 ft
|

[

Mathematically, we could subtract 3% from 14 and then from the remaining

pieces until we have a piece that is less than 3%. This process would take a

few steps, so instead we are going to use the shortcut for repeated
subtraction, which is division.
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:

Solution:

1 14 13

14+-3—=—+— change the mixed number to an improper fraction
4 1 4
14 4 Itiply by th i I
=—.— multiply by the reciproca
1 13
56 4 . . .
= E = 45 multiply numerators and then multiply denominators and

write answer as a mixed number

Therefore, you would be able to make 4 frames out of the 14 feet of

wood. The % is the fraction of a fifth frame that could be made from the

leftover wood.

On Monday, Austin practiced his trumpet for %of an hour. On
Tuesday, he practiced his trumpet for gof an hour and on Wednesday, he

practiced for %of an hour. If Austin is supposed

to practice for 2 hours a week, what fraction of an hour must he practice
on Thursday before his Friday lesson?

To solve this problem, we must first add all the hours he has practiced and
then subtract from 2.

1 51 3 10 6
-+t —-—=—+—+— find a common denominator and write equivalent
4 6 2 12 12 12
fractions
19
= E add numerators and write over common

denominator

19 ) )
Now we need to subtract E from 2 to determine what fraction of an hour he

must still practice.

, 19_24 19_5

12 12 12 12

Therefore, Austin must practice %of an hour on Thursday.
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Activity 12

a) The contents of a box of canned soup weigh 35 pounds. If each can weighs

1% pounds, find how many cans of soup are in the box.

b) The KSC track team ran a relay race that was a total of 5 meters. If the first 3 team
members ran lengths of 1%, 1% ,and 1% meters, how many meters was left for the

anchor to run?

c) Your rent is % of your monthly salary. If your annual salary is $29,568, how much

is your rent each month?
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Exercises for Fractions

.. 5 . . .
a) Write 3 as a fraction with a denominator of 9.

b) Write % as a fraction with a denominator of 16.

Simplify the following fractions.

a) 4 b) 14 c) 24 d) 144
14 35 48 196
82 325
e —_— —_—
) 104 g 725
. : . 4
Give four fractions equivalent to rs
Circle the larger of the two fractions.
o 48 y &5
7 11 13 7
Find the sum of 3 and 1 .
7 9
Subtract 1ﬁrom 3
9 7
Compute the following.
) 1-1- ﬂ ) 14- § C) — - 3
12 9 14 7 9 15

Simplify the following fractions.

75 84

i b &
2 50 ) 132

Witkowski and Phillips
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9. Add the following

a) ﬂ+z b) 1+§ C) ﬂ+ﬂ )i i
9 3 3 5 5 7 16 24
10.  Multiply the following.
4.2 by 13 o 44 g 28
9 3 3 5 5 7 34 9
11. Compute the following.
2 3 .2 3 .2
a) 3—+5§ b) 5--3- C) S5—e2-
5 8 8 5 8 7
d) 32+12 e) 3§+22
5 25 4 5
12. Compute the following.
2 5 7 5 3 2

o 2 .
13. Three-fourths of the people who live in Keene are college graduates. c of the city’s

college graduates are female. What fraction of Keene’s population are female graduates?

14. A pair of basketball shorts requires % yards of material. How many pairs of

shorts can be made from 15 yards of material?

1
15.  An estate was left to four children. One received g of the estate, the second

é , and the third % How much did the fourth child receive?
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Math for Nursing Solutions To Activities

FRACTIONS
Activity 1:
a)
b)
c)
a) L b) 2 C) 3
3 6 9
kkkkkkkkkkkkkkhkkkkkkkhkkkkkkkkkhkkkkkkkkkhhkkkkkkkhkhkkkkkkkhkhkkkkkkkhkhkkhkkkkkkhkhkkhkkkkkkhkhkkhkkkkkkkkkkkkkkkkkkkk
Activity 2:
7 42 24 3
a) —=— b) -/ =
8 48 40 5
Activity 3:
: 7 9 .
a) Since 14 ¢ 7 =98 and 9 e 10 = 90, then Eand ﬂ are not equivalent.

3 24
b) Since 332=96 and 24 e 4 =96, then Z and E are equivalent .

uuuuuuuuuuuuuuuuuuu

Activity 4:
2 4
a) — < — because2e7< 5e4
5 7
13 9
b) —— > = because13¢15>9e20
20 15

Witkowski and Phillips Page 24



Fractions Solutions continued

Activity 5:
) 54,9 623 , 16,4 4
72°9 8 2 4 28 4 7
Activity 6:
a) §=i—3 b) r_28
15 60
P 20 . 3_18
5 40 10 60
31 10_1
40 60 6
o - d) 2_16
9 18 3 24
- S 3.9
6 18 8 24
17 7
18 24
Activity 7:
1 3 3 2
18 33 5 20 1B, 25
., 5 8 4 12 18 9
) o= d) T AT
018 35, 63 2% 16, 20
Activity 8:

3 15 '3 4 1 24 6 , 24 B 4
a) . = & — = — b) - - = @ — = —

8 4 .8 15, 10 255 525 6, 5

2
C) ﬂ+6:_4.i:£

9 9 6, 27
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Fractions Solutions continued

Activity 9:
a) i) ﬂ' = 45 ii) @ = 253
9 9 21 21

: 3 59 . 5 113

b) i) 8-=— i) 12==""0"

7T 7 9 9
Activity 10:
o abyal 2,7 42,35 17 47

5 "2 5 2 10 10 10 10

o 125 5L 63 11_126 55 71 1
5 2 5 2 10 10 10 10

5 1 61 25 183 100 283 .19
0  To4ds =S s 01
8 6 8 6 24 24 24 24

1 ,3_22 13 110 39 _71_,11

d T T Tt T AT
) 3 5 3 5 15 15 15 15
Activity 11:
g 25e55_t1,A3_413_,,25 by S.p3.3.1 3,4 12
4 8 4 8 32 32 5 4 5 4 5 11 55
15 1 32 1
c) 6§02£: 4507—:15 d) 7l+4g:%+gz 6403;:g:1E
7 3 d 3 9 3 9 3 9 14, 21 21
Activity 12:
a) To determine how many cans of soup are in the box, divide the total weight of the box by the
weight of each can.
5
3512 235+ L 2 20,5 _ o5
5 5 1 7,

Therefore, there are 25 cans of soup in the box.
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Fractions Solutions continued

Activity 12 continued:

b)

c)

To determine how many meters the anchor has to run, add up how many meters the first 3 team
members already ran.

1 .8 ,2 6 33 7 30 33 35 98
1-+1—+l—=—t+—4—-=—+—+—=—
5 25 5 5 25 5 25 25 25 25

98
Next, subtract E meters from 5 meters, the length of the race.

98 _125 98 _27 _, 2

25 25 25 25 25

2
Therefore, the anchor must run 1£ meters.

To determine how much your rent is each month, you first need to determine how much you earn
each month by dividing your annual salary by 12.

%; = 2464 So, your monthly salary is $2464.

2 2
Next, you need to recognize the key words, “ 7 of your monthly salary” and multiply 7 and 2464.

2 2464%*

N

=2352=704

Therefore, your rent is $704 per month.
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