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In the end – it is  the evidence of student thinking 
not just from assessment questions, but also from 
classroom discussions and activities that informs 
instructional decision making. 

http://www.elmousa.com/download-archive.php


Take Aways! 

 Teacher knowledge about the research/learning trajectories is fundamental – this 
involves a real commitment to PD, NOT just creating tools and materials, but substantive 
professional development. 
 

 Evidence of Student Thinking - it is  the evidence of student thinking not just from 
assessment questions, but from classroom discussions and activities that informs 
instructional decision making. 
 

 Formative assessment is a powerful tool when it is implemented systematically and 
intentionally coupled with the above. 
 

 Learning progressions are valuable only if they are truly accessible to teachers and 
students 
 

 The CCSS and OGAP Framework 
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In 1.5 hours… 
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What can be done …. 
  …provide participants with the big idea of learning 

progressions and some examples (OGAP and CBAL) 
What cannot be done… 
 … provide participants with a deep understanding of 

the details and potential implications of learning 
progressions and OGAP  

 …be sure that participants understand the difference 
between formative and summative assessment. 
 



Learning Progression/Trajectory  

 “..descriptions of children’s thinking and learning in 
a specific mathematical domain, and a related 
conjectured route through a set of instructional tasks 
designed to move children through a developmental 
progression of thinking, created with the intent of 
supporting children’s achievement of specific goals 
in that mathematical domain.” (Clements & Sarama, 2004) 
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From OGAP item bank  developed as a part of the Vermont Mathematics Partnership funded by 
The NSF (Award Number EHR-0227057) and the US DOE (S366A0200002)) 
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Additive Reasoning 

Equations and 
Expressions 

Proportionality 

Fractions Multiplicative 
Reasoning 

Functions and 
Algebra 

Calculus 

The Number 
System 
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Note: This model does not reflect all the 
mathematics at these grade levels or all the 
relationships 

Based on the evidence 
in the solutions, where 
on the “big idea” 
progression do you 
place the work? 



Learning Progression – The promise 

 “If teachers have a fine-grained understanding of the 
steps of learning and the problems students are 
likely to encounter, then they have a basis for 
identifying evidence in student work to locate where 
a learner is in the progression and for responding to 
this evidence in ways calculated to help them deal 
with any problem and keep moving ahead.” (G. 
Postlewait, CCSSO.)  
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Student Work 

 With a partner review the set of student 
work. As you review the work collect 
observations about the responses.  
 Do all students use the same strategy as they 

solve the problem? 
 Do all students use the same strategy as they 

solve the 2 different problems? 
 Are there some strategies that are more efficient 

than others?  
 Other observations? 
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Additive Reasoning 

Equations and 
Expressions 

Proportionality 

Fractions Multiplicative 
Reasoning 

Functions and 
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Note: This model does not reflect all the 
mathematics at these grade levels or all the 
relationships 

Based on the evidence 
in the student work, 
where on the “big idea” 
progression do you 
place the work? 
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Learning 
Progressions 

“Are careful, empirically based descriptions of 
the ways in which students’ conceptions and 
skills actually grow.” (Postlewait, CCSSO Presentation) 
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Implications: Progressions are not clean nor are they 
unidirectional. They involve the interaction of development of 
mathematical concepts within and across domains, cognitive 
complexity of problems, and the structures in the problem. 
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Pilot 1 
Pilot 2 

Pilot 3 

A school is enlarging its playground. The dimensions of the new  
playground are proportional to the dimensions of the old playground 

OGAP 2006 Pilot 7th grade (n=153) 



To Succeed.. (Daro et al, 2011)  

Marge Petit Consulting, MPC 

16 

There needs to be careful attention & timely interventions 
by a well-trained teacher who understands how children 
learn mathematics, where they struggle & what to do 
about it. 

• To adapt, a teacher must know how to get students to reveal 
where they are in terms of what they understand & what their 
problems might be. 

  
• A teacher must have specific ideas of how students are likely 

to progress, including what prerequisite knowledge & skill they 
should have mastered, & how they might be expected to go off 
track or have problems. 

 
• A teacher would need to have, or develop, ideas about what to 

do to respond helpfully to the particular evidence of progress & 
problems they observe. 
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According to research, some students may see a fraction as two whole numbers (e.g., ¾ as a 3 and 
4) inappropriately using whole number reasoning, not reasoning with a fraction as a single 
quantity. (Behr, M., Post, T., Lesh, R., and Silver, E. (1983); Behr, Wachsmuth and Post, (1984); VMP OGAP Study (2005))  
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Examples of teacher interventions (response to inappropriate 
whole number reasoning) 

Derivative product of The Vermont Mathematics Partnership funded by The 
NSF (Award Number EHR-0227057) and the US DOE 
(S366A0200002))Version 8.0 March 2008 

18  Use modeling to build concepts 
 Emphasis on number line 
 Emphasis on relative magnitude of 

fractions using modeling and other 
reasoning strategies 

OGAP Exploratory 
Studies (2004, 2005) 
and 2006-2008 Roll-
outs 

OGAP Whole Number Reasoning Sub-
study(2005) 

Percentage of Students Average number of  
incorrect responses 

Pre-
assessment 

85% (33/39) 4.1 (33 students) 

Post 
assessment  

18% (7/39) 1.8 (7 students) 



To utilize progressions teachers …. 

 Need knowledge of mathematics education 
research/progressions 

 Tools and resources to help translate 
trajectories/progressions into practice. 
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Petit in Daro et al, 2011  
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1990-2000s 

NOW 

What do these different 
solutions mean? What do I 

do? 

Teachers are ready! 
Wow – look at all 
the ways students 

can solve the 
problem 



Teachers say understanding the math education 
research help them… (OGAP 2005 Study) 
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• Understand the purposes of activities in math programs; 
 

• Understand evidence in student work used to inform 
instruction; 
 

• Strengthen and focus first wave instruction; 
 

• Respond to evidence in student work as instruction 
proceeds. 

 



Two Examples and an ILN Opportunity 

 Vermont Mathematics Partnership Ongoing 
Assessment Project (OGAP) 

 
 Cognitively Based Assessment of, for, and as 

Learning (CBAL) 
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OGAP (2003 – Present) 

 Studies (2004, 2005, 2006, 2007 involving 100s of 
teachers, thousands of students) Analysis of studies 
is continuing) 

 
 Currently aspects of OGAP being used in Vermont, 

Alabama, Nebraska, Michigan, Ohio, and Amman, 
Jordan. 
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OGAP is a systematic and intentional formative assessment 
system in mathematics based on math education research. 
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• Gathering information about pre-existing 
knowledge through the use of a pre-
assessment; 
 

• Analyzing pre-assessment to guide unit 
planning; and 
 

• A continuous and intentional system of 
instructing, probing with instructionally 
embedded questions, analysis, and 
instructional modification. 
 

Grades 2 - 8 

•Fractions 

•Multiplicative 
reasoning 

•Proportionality 



In place and in use for all 3 mathematical topics  
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• Pre-assessments and ongoing questions 
 

• Tools and strategies to analyze student work including 
Frameworks/progressions 
 

• Professional development workshop materials and 
resources to communicate research and support the use 
of OGAP formative assessment system 

 



OGAP was Developed Based on 
Four Principles 
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Presenter
Presentation Notes
Vermont is known for the development of the Vermont Mathematics Portfolio system (which is still alive and well). That development coincided with the very beginning of a focus nationally on performance assessment/classroom assessment and the 1989 release of the NCTM standards. Vermont was among the first state efforts to include classroom assessment as a part of a state level assessment system. Vermont at that time had yet to experience a large scale assessment in mathematics of any kind.

The environment today is different. Large scale assessments dominate the landscape nationally. However, what is also different is what is known (or available to educators) about classroom assessment, how students learn mathematics, and about formative assessment and its role in student learning.

An essential question that educators in Vermont and nationally have been asking is “what do I do tomorrow.” This was the challenge posed to the VMP OGAP Design Team. The first step undertaken by the committee was reviewing reports and findings from expert panels supported by the National Research Council. From those studies – How Students Learn; Adding it Up; and Knowing What Students Know; and findings from Black and Wiliam on formative Assessment - four guiding principles evolved which have formed the foundation for all OGAP material and process development.
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Principle # 1: Build on pre-existing knowledge  (How 
People Learn (2000) National Research Council)  

 
Principle # 2: Learn (and assess) for Understanding 
(Adding it Up! (2001) National Research Council)  

Principle # 3: Use Frequent Formative Assessment 
(Inside the Black Box, (2001) Black, P, and Wiliam, D.)  

Principle # 4: Build Assessment on  
Mathematics Education Research (Knowing What 
Students Know (2001) National Research Council) 

Presenter
Presentation Notes
The four principles have been realized in the intentional design of aspects of OGAP materials and processes… a key point is that they are also interwoven, they do not stand independently of each other.

Principle # 1 – Build on Pre-existing Knowledge: “If you do not understand student’s pre-existing knowledge, it is unlikely that you will get the result you intended.” (How People Learn) This principle resonates with educators who have long experienced looking at summative assessment results (e.g., unit tests) and wondering why students did not get what they taught. The principle resulted in pre-assessments of UNDERSTANDING as a key element of OGAP processes.

Principle # 2 – Learn for Understanding: “Learning for understanding is more powerful than simply memorizing, because the organization improves retention, promotes fluency, and facilitates learning related materials.” (Adding it Up!) This principle resulted in every item (bank and pre-assessment) designed to elicit understanding of specific mathematical concepts, not skills. 

Principle # 3 – Use frequent formative assessment: Many aspects of the project incorporate aspects of formative assessment – pre-assessments, ongoing questions, a focus on teacher questioning to name a few.

Principle # 4 – (the focus of this session) Build assessments on cognitive research (Knowing What students Know): This aspect of the project will be discussed in more detail during this session, but has permeated almost every aspect of the project. 
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It is not formative assessment alone OR 
knowledge of mathematics education 
research alone… 

…but the marriage of the 
two that empowers teachers 
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In design of materials 
• formative assessment items 
• professional development 

materials (case studies, 
activities, essays) 

• Book and articles 
• Frameworks/learning 

progressions 
 
 
 

In work with educators 
• analyze student work  
• inform instructional decisions 
• help understand the purposes of 

activities in mathematics 
programs 
 

Hundreds of research 
articles distilled into a 
frameworks/learning 
progressions  

Presenter
Presentation Notes
The statewide committee spent days (and continues to) reading and distilling study findings and organizing them into a framework that has been used in the design of materials (e.g., items, case studies, Chapters) and in work with educators.

For example, when designing items – the first question was – What is the mathematical knowledge being assessed? Then – What do we know about how students learn that mathematics, common errors that students make, or misconceptions or preconceptions that students have that may interfere  with students understanding new concepts or solving problems. Every item in the OGAP item bank is annotated with national learning expectations (and VT) is designed to elicit and related cognitive research.

From the start (first study) we made the cognitive research and its relation to items transparent to educators using the materials. However, feedback from the exploratory studies made it apparent that knowledge of the research gave teachers a new “lens” when looking at student work or their mathematics program, or when making instructional decisions. A very big “aha” for Vermont educators (including the committee) involved the long held (at least through the 90s and early 2000’s) practice of celebrating “different strategies” as the goal. “Isn’t it great – all the different ways student solve the same problem.” TO – what do the different strategies tell us about student learning? The advice from teachers involved in the study was to make the cognitve research a focus of the professional development.

Now let’s take a closer look on how the research was organized and used.. Through a couple of examples.



The tricycles 

 
A) How many wheels do 5 tricycles have? 
B) How many wheels do 29 tricycles have? 
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 What is the problem situation? 
 What are other problem structures to consider? 
 What are strategies that were used? Where are they 

on the OGAP Framework? 
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Problem 

Situations 
Strategies 

Grade 2 Equal groups Repeated addition 
with an array 

Grade 3 (factors 
within 100) 

Equal groups, 
arrays, equal 
measures, 
beginning area 

Properties of 
operations, 
drawings, 
equations 
 

Grade 4 (1 digit x 
4 digit, and 2 digit x 2 
digit) 

Multiplicative 
comparison, 
measurement 
conversion within 
systems, area 

Place value and 
properties… using 
equations, 
rectangular arrays, 
and/or area 
model, equations 

Grade 5 
(fluently) 

Scaling 
(multiplicative 
change), area, 
volume, patterns, 
conversions 
between systems 

Standard 
algorithm, 
equations 

CCSS Whole Number Multiplication 
Link to the OGAP Framework 



Analyzing student work – the 
OGAP Sort 
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While OGAP has item banks of short focused 
questions for fractions, multiplicative reasoning, 
and proportionality that teachers can use for 
formative assessment probes (e.g., exit or entry 
cards) … 

… the OGAP frameworks/learning 
progressions can be used to analyze 
evidence of  in student thinking/work 
during day to day instruction,  and 
problems of any complexity (in a given 
math topic). 



OGAP is a systematic and intentional formative 
assessment system in mathematics. 
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• Gathering information about pre-existing 
knowledge through the use of a pre-
assessment; 
 

• Analyzing pre-assessment to guide unit 
planning; and 
 

• A continuous and intentional system of 
instructing, probing with instructionally 
embedded questions, analysis, and 
instructional modification. 
 

Grades 2 - 8 

•Fractions 

•Multiplicative 
reasoning 

•Proportionality 
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CBAL Mathematics Overview 

• Work began at middle school grade levels 
• Now expanding into elementary and high school grade 

levels 
• Online scenario-based assessment tasks (both 

summative and formative) 
• Based on mathematical competency models 
• Augmented by learning progressions 
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CBAL Mathematics 
and the Common Core State Standards 

• CBAL’s content competencies span multiple middle 
school grade levels in the CCSS (somewhat greater 
overlap with CCSS 7, 8) 

• Consistency between CBAL’s cross-cutting mathematical 
processes and CCSS standards of mathematical 
practice 

• CBAL learning progressions are consistent with several 
critical areas of focus in CCSS at grades 7-8 
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CBAL - Learning Progressions 
(Provisional) 

Middle School Grade Levels 
Linear Functions* 
Proportionality 
Equality and Variable 
Statistics (various models still under development) 
 

•Elementary School Grade Levels 
Fractions and Decimals (under development) 
 

•High School 
Quadratic Functions* (under development) 

 
*Based on general functions model 
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CBAL 
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Proportional Punch 

Cherry punch can be made by adding sweet punch mix to water. In this 
task,  you will see how ratios can be used to compare the sweetness of 
punch made using different recipes.  

CBAL Example, 
ETS 
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A tool that simulates making punch 
and determining its sweetness is 
available for your use throughout 
the task.  Try it out now by clicking 
on the          icon. No more than 2 
scoops of mix can dissolve in each 
cup of water, so if you add extra 
mix it will settle on the bottom of 
the pitcher and the sweetness 
meter will stay at 2:1. 

CBAL Example, 
ETS 
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One cup of water is added to the punch in 
the pitcher, and no mix is added. The punch 
will be 

 
Explain your answer. 

Level 1: Has Intuitive Understanding 
Student’s intuitive understanding of quantity permits  them  to  answer  questions  
about  more  and  less  (e.g.,  which  drink is sweeter?) or fairness (e.g., divide pizza 
or cookies so everyone gets a fair share). 

CBAL Example, 
ETS 

http://cbal.ets.org/cbal/toolsAndSimulations/sweetness.html
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•Refer to the table below when answering  
the following questions.   
 
•Use the sweetness meter           to check 
your  answers.  
 

Number of 
Scoops 
of Mix  

Cups of 
Water 

Recipe A 1 3 
Recipe B 2 3 
Recipe C 3 4 

Explain your answer in terms of number of 
scoops of mix and cups of water. 

5. Which recipe makes the sweeter punch?   

Recipe B 

Recipe C 

Explain your answer in terms of number of 
scoops of mix and cups of water. 

 
 
 
      
      

4. Which recipe makes the sweeter punch? 

Level 2: Begins to Quantify 
Student’s notion of ratio starts to develop, 
can work with one ratio but may have 
trouble comparing to another ratio. May 
have additive misconception. 

CBAL Example, 
ETS 
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How many scoops of 
punch mix are needed 
to fill a 150 cup jug 
using Malcolm’s punch 
recipe? 

Show your work. 
 

Malcolm’s Recipe 

Number of Ratio of 

Scoops of 
Mix 

Cups of 
Water 

Scoops of 
Mix 

Cups of 
Water 

3 5 3 
5 

 6 10 6 
10 

15 25 15 
25 

30 50 30 
50 

scoops 

Malcolm’s recipe for making punch uses a ratio 
of 3 scoops of punch mix to every 5 cups of 
water. 
 

Same answer doesn’t mean same level of understanding: 
 
Level 3: Recognizes Multiplicative Relationships 
OR 
Level 4: Accommodates Covariance and Invariance 
OR  
Level 5: Has Generalized Model 

90 

CBAL Example, 
ETS 

http://cbal.ets.org/cbal/toolsAndSimulations/sweetness.html


The Opportunity:  
CBAL – OGAP - ILN Partnership 
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OGAP Multiplicative Reasoning 

CBAL Proportional Reasoning 

Year 1:  2 ILN sites nationally  

Year 2:  More ILN sites nationally, and 
expand to fractions  at year 1 sites 
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Bob Laird, Vermont Mathematics Institute, University of Vermont 
(rlaird@uvm.edu  ) 

Marge Petit, Marge Petit Consulting, MPC (mpetit@gmavt.net )  

www.margepetit.com   

Beth Hulbert, Barre City and Town Schools , Barre VT 
(hulbertbj1@myfairpoint.com ) 

 

mailto:rlaird@uvm.edu
mailto:mpetit@gmavt.net
http://www.margepetit.com/
mailto:hulbertbj1@myfairpoint.com
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 http://margepetit.com/ 

http://margepetit.com/


Additional OGAP Data 
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What do teacher leaders and teachers say 
about their experience in relationship to the 
stated goals and the use of OGAP 
formative assessment system? 

Results based on a spring 2007 online survey 
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Expertise for analyzing student work (for evidence of developing 
understanding, common errors and misconceptions)… 

Before and After Experience 

Expertise for Analyzing Student Work (n=104)
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Expertise in using evidence in student work to 
inform instruction… 

Before and After  Experience Expertise in using evidence to inform instruction 
(n=104)
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Understanding purposes of activities in mathematics 
program… 

Before and After  Experience 

Expertise understanding purposes of math program 
(n=104)
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Fraction content knowledge… 
Before and After  Experience 

Fraction content knoweldge (n=104)
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Pre-post Question – Pilot OGAP Teacher Assessment (2007) 
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1) Which fraction is closest to 1? Show your work. 

Provide three strategies students can use to solve this problem. Provide 
examples. 

Pilot OGAP Teacher 
Assessment Question 



Sample Teacher Responses 
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Pre-assessment Q1 A 
Post-assessment Q1 A 



Findings (Petit-Cunningham, 2008) 

 Teacher leaders increased the range of strategies that 
they used pre to post to solve the two problems. 

 
 Mentees also increased the range, but to a lesser 

degree 
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Pre mean Post mean
T-test (p-) Significance 

(p< 0.05)
Mentors (n=25) 6.16 9.8 3.52E-08
Mentees (n= 42) 5.6 7.9 7.73E-06

Mentors and Mentees Pre - Post Teacher Assessment



Vermont OGAP Design Team OGAP National Advisory Board 
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 Leslie Ercole, VMP 
 Linda Gilbert, Dotham Brook School 
 Kendra Gorton, Milton Elementary School 
 Steph Hockenbury, Chamberlin School 
 Beth Hulbert, Barre City Elementary and Middle 

School 
 Amy Johnson, Milton Elementary School 
 Bob Laird, VMP 
 Ted Marsden, Norwich University 
 Karen Moylan, Former VMP 
 Cathy Newton, Dotham Brook School 
 Susan Ojala, Vermont Mathematics Initiative 
 Nancy Pollack, Chittenden East  
 Marge Petit, Marge Petit Consulting, MPC 
 Regina Quinn, VMP 
 Loree Silvis, VMP 
 Krisan Stone, VMP 
 Corrie Sweet, Former VMP 
 Tracy Thompson, Ottauquechee School 
 Jean Ward, Bennington Rutland Supervisory Union 
 Rebecca Young, Hardwick Schools 
 
Plus about 250 Vermont and Alabama teachers and teachers 

and about 5000 students who participated in OGAP 
Exploratory Studies and 2006-2008 scale-up 
 

 Mary Lindquist, Callaway Professor 
of Mathematics Education, Emeritus; 
Past President of the National Council 
of Teachers of Mathematics 

 Ed Silver, University of Michigan 
 Judith Zawojewski, Illinois Institute 

of Technology 
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